The purpose of the paper is to complete several global and local results concerning parity of ranks of elliptic curves. Primarily, we show that the Shafarevich-Tate conjecture implies the parity conjecture for all elliptic curves over number fields, we give a formula for local and global root numbers of elliptic curves and complete the proof of a conjecture of Kramer and Tunnell in characteristic 0. The method is to settle the outstanding local formulae by deforming from local fields to totally real number fields and then using global parity results. 1) Computational note: C E=K ¼ Q v CðE=K v ; oÞ for any invariant di¤erential o for E=K. At finite places,
Introduction
The principal arithmetic invariant of an elliptic curve E defined over a number field K is its Mordell-Weil rank rk E=K, the rank of the group of rational points modulo torsion. In view of the Birch-Swinnerton-Dyer conjecture, its parity should be governed by another arithmetic invariant, the global root number wðE=K Þ ¼ e1 (the expected sign in the conjectural functional equation for the L-function of E=K ): Conjecture 1.1 (parity conjecture). ðÀ1Þ rk E=K ¼ wðE=K Þ:
The purpose of this paper is to clean up some known results concerning this conjecture. Primarily, we show that it follows from finiteness of the Tate-Shafarevich group, and give an explicit formula for wðE=K Þ and thus, conjecturally, for the parity of the rank: . Let E be an elliptic curve over a number field K, and set F ¼ KðE½2Þ and d ¼ ½F : K . Choose a non-trivial 2-torsion point P of E, defined over K if d e 2, and write E 0 ¼ E=fO; Pg for the 2-isogenous curve over L ¼ KðPÞ. Then wðE=K Þ ¼ ðÀ1Þ
Here D E is the discriminant of E=K, and C E=K the product1) of the 'local fudge factors' and periods in the conjectural Birch-Swinnerton-Dyer formula for LðE=K; sÞ at s ¼ 1, see §1.3 for the precise definition. Theorem 1.2 is already known under mild technical restrictions on E ( [3] , Theorem 1.3). We remove the restrictions by a roundabout approach that avoids unpleasant local computations at the troublesome primes above 2 and 3. This method of dealing with di‰cult reduction cases applies to other parity-related local formulae. In particular, we will use it to derive a formula for local root numbers (analogous to Theorem 1.3) and to prove the remaining case of the Kramer-Tunnell conjecture for elliptic curves over p-adic fields.
Most of these local formulae have a global counterpart related to Selmer groups. Recall that there is a version of the parity conjecture for the p l -Selmer rank rk p E=K, the Z p -corank of the p l -Selmer group: Conjecture 1.4 ( p-parity conjecture). ðÀ1Þ rk p E=K ¼ wðE=K Þ:
It is of course expected that rk p E=K ¼ rk E=K for each p, as the di¤erence is the number of copies of Q p =Z p in the (supposedly finite) group [ðE=K Þ. Using our method we prove the conjecture in the following cases (see Theorem 2.4, Corollary 5.8, Theorem 6.15 and Example 6.16): p ¼ 2, K totally real, E has non-integral j-invariant. p ¼ 2 or 3, K arbitrary, E admits a K-rational isogeny of degree p. They are all slight extensions of known results (see §2, §5 and §6); the last two are consequences of a more general statement concerning the parity conjecture for twists of elliptic curves (Corollary 6.8) which extends [7] , Theorem 1.6a.
1.1. The method and the Kramer-Tunnell conjecture. There are several results that express the parity of a specific Selmer rank in terms of purely local data of the elliptic curve (e.g. [2] , [3] , [8] , [9] , [15] , [17] ). Now recall that the global root number is defined as the product over all places of local root numbers,
Hence, if this 'local data' can be related to the corresponding local root number, it can be used to prove the parity conjecture for this Selmer rank.
For example, Kramer's theorem [15] , Theorem 1 asserts that for a quadratic extension F ¼ Kð ffiffi ffi a p Þ,
EðKvÞ
NEðFwÞ ;
the product taken over all places v of K, choosing any w j v of F . Here N : EðF w Þ ! EðK v Þ is the norm map on points. In [16] Kramer and Tunnell found the conjectural relation to the root number, ðÀ1Þ dim F 2
EðK vÞ
where E a is the quadratic twist of E by a, and ð Á ; Á Þ is the Hilbert symbol. Granting this relation and taking the product over all v, we get the 2-parity conjecture for E=F ,
(Observe that the Hilbert symbols disappear globally by the product formula.) Kramer and Tunnell established ðÃÞ in all cases but the most horrible one, namely when v j 2, F w =K v is ramified and E=K v has additive reduction.
We now explain how to prove ðÃÞ in the remaining cases (see §4 for details). Instead of confronting residue characteristic 2, we use a 'global-to-local' approach. The point is that the p-parity conjecture can be seen to hold over totally real fields for all elliptic curves with non-integral j-invariant, by considerations that exploit modularity (Nekovář [20] for odd p and Theorem 2.4 for p ¼ 2). Therefore we can prove the local formula by reversing the argument above: if K and F are totally real and we know that ðÃÞ holds at all places v but one, it must hold over the remaining place as well. Because there is a su‰cient supply of such fields and curves and all the terms in ðÃÞ are continuous (as functions of the coe‰cients of the curve), it follows that the local formula must always be true.
To summarize, we obtain: Theorem 1.5 (Kramer-Tunnell conjecture in characteristic 0). Let K be a local field of characteristic zero, F ¼ Kð ffiffi ffi a p Þ a quadratic extension, E=K an elliptic curve and E a =K its quadratic twist by a. Then wðE=KÞwðE a =KÞðÀD E ; aÞ K ¼ ðÀ1Þ
Here D E is the discriminant of some model of E=K, N : EðF Þ ! EðKÞ the norm map on points, and ð Á ; Á Þ K the Hilbert symbol in K . Corollary 1.6 (2-parity in quadratic extensions). Let E be an elliptic curve over a number field K. For every quadratic extension F =K,
Another consequence is that elliptic curves all of whose quadratic twists have the same root number ('lawful' in the terminology of [6] ) are precisely those whose quadratic twists have the same parity of the dimension of the 2-Selmer group ('constant 2-Selmer parity' in the terminology of [18] ), see Remark 4.9.
1.2. Local root numbers. Finally, we consider local root numbers of elliptic curves. Their definition is not constructive, but they have been classified in many cases. For instance, wðE=K v Þ ¼ À1 when v is Archimedean or when E=K v has split multiplicative reduction, and wðE=K v Þ ¼ þ1 when E=K v has good or non-split multiplicative reduction. Thus, if E=K is semistable, wðE=K Þ ¼ ðÀ1Þ afv j l in Kg þ afv split mult: for E=Kg :
At places of additive reduction, an explicit classification has been given by Rohrlich [21] for v a 2; 3, Halberstadt [11] for K ¼ Q, and Kobayashi [14] for v j 3. These express the root number in terms of the standard invariants of E=K, making it as easy to compute as in the semistable case. When v j 2, the existing formulae for wðE=K v Þ ( [30] , [5] ) are complicated and harder to use, as they rely on epsilon-factors of Galois characters.
From the proof of the global root number formula of Theorem 1.3 we will extract a uniform formula for the local root numbers. It is slightly more cumbersome to state as it involves all three 2-isogenous curves: 
If p B 2, the same formulae compute wðE=KÞ. jaj K normalised absolute value of a in K. ða; F =KÞ Artin symbol of a in F =K. In all our cases it will have order 1 or 2 in GalðF =KÞ, and we will regard it as e1. ða; bÞ K Hilbert symbol in K (the same as À a; Kð
usual inner product of (characters of ) representations.
Notation for an elliptic curve E=K or E=K:
rk E=K Mordell-Weil rank of E=K, i.e. the rank of EðK Þ=torsion.
local root number of E=k for k local, or global root number Q v wðE=k v Þ for k a number field. wðE=k; tÞ local/global root number for the twist of E by t (see [21] For the definition and standard facts about root numbers we refer to [27] , [21] and the appendix of [7] . The latter also contains a summary of basic properties of X p ðE=K Þ that we occassionally use.
2-parity over totally real fields
There is a large supply of elliptic curves over number fields for which the p-parity conjecture is known to hold. Over Q it is true for all elliptic curves ( [3] , Theorem 1.4), and for odd p for elliptic curves with non-integral j-invariant over totally real fields ( [20] , Theorem 1). The purpose of this section is to extend the latter result to p ¼ 2 (Theorem 2.4). Its proof goes along similar lines to that of Monsky [19] for elliptic curves over Q and uses potential modularity as in [20] .
We refer to Wintenberger [31] for the definition of modularity for elliptic curves over totally real fields. The two propositions below are known and are only included for completeness (see Taylor's [28] , proof of Theorem 2.4 and [29] , proof of Corollary 2.2). Proposition 2.1. Let F =K be a cyclic extension of totally real fields and E=K an elliptic curve. If E=F is modular, then so is E=K.
Proof. Let p be the cuspidal automorphic representation associated to E=F . Pick a generator s of GalðF =K Þ. Then p s ¼ p and therefore by Langlands' base change theorem p descends to a cuspidal automorphic representation P over K. Associated to P there is a compatible system of l-adic representations r P;l , with l varying over the primes of some number field k (see [31] ). Fix a prime l of k, let l be the rational prime below it and write V l ðE=F Þ for the Tate module of E=F tensored with Q l . The restriction of r ¼ r P;l to GalðF =F Þ agrees with V ¼ V l ðE=F Þ n Q l k l . Because E cannot have complex multiplication over F (it is totally real), V l ðE=F Þ is absolutely irreducible, and therefore the only representations that restrict to V are W ¼ V l ðE=K Þ n Q l k l and its twists by characters of GalðF =K Þ. Hence r and W di¤er by a 1-dimensional twist, whence W is also automorphic and E=K is modular. r Proposition 2.2. Let E be an elliptic curve over a totally real field K, and p a prime number. If the p-parity conjecture for E is true over every totally real extension of K where E is modular, then it is true for E=K.
Proof. Because E is potentially modular ([31], Theorem 1), there is a Galois totally real extension F =K over which E becomes modular. By Solomon's induction theorem, there are soluble subgroups H i < G ¼ GalðF =K Þ and integers n i , such that
where 1 denotes the trivial character.
Write K i for F H i . Since GalðF =K i Þ ¼ H i is soluble, a repeated application of Proposition 2.1 shows that E=K i is modular. By Artin formalism for L-functions,
On the other hand, writing X ¼ X p ðE=F Þ, for every H < G we have
The first equality is a standard fact about the p l -Selmer group, see e.g. [3] , Lemma 4.14, and the last one is Frobenius reciprocity.
By assumption, the p-parity conjecture holds for E=K i . Therefore
3. The proof also shows that LðE=K; sÞ has a meromorphic continuation to C, with the expected functional equation. This is the same argument as in [28] , proof of Corollary 2.2.
Theorem 2.4. Let K be a totally real field, and E=K an elliptic curve with non-integral j-invariant. Then the p-parity conjecture holds for E=K for every prime p.
Proof. For odd p this is [20] , Theorem 1, so suppose p ¼ 2. Let p be a prime of K with ord p jðEÞ < 0. If E has additive reduction at p, it becomes multiplicative over some totally real quadratic extension Kð ffiffi ffi a p Þ, and the quadratic twist E a =K has multiplicative reduction at p as well. Because
and
it su‰ces to prove the theorem for elliptic curves with a prime of multiplicative reduction.
Since multiplicative reduction remains multiplicative in all extensions, by Proposition 2.2 we may also assume that E is modular.
By Friedberg-Ho¤stein's theorem [10] , Theorem B, there is a quadratic extension Kð ffiffiffi b p Þ of K which is split at all bad primes for E and such that the quadratic twist E b has analytic rank e 1. Since E b also has a prime of multiplicative reduction, by Zhang's theorem ( [33] , Theorem A) [ðE b Þ is finite and the Mordell-Weil rank of E b =K agrees with its analytic rank; in particular, the 2-parity conjecture holds for E b =K. As it also holds for E=Kð ffiffiffi b p Þ by Kramer-Tunnell's theorem (see Corollary 4.6 below for a precise statement), it is true for E=K. r Remark 2.5. When p ¼ 2, the assumption that E has non-integral j-invariant can probably be removed: Tian and Zhang have announced an extension of Zhang's theorem to all modular elliptic curves, see [32] , Theorem 1.4.1.
Continuity of local invariants
We gather a few basic facts concerning realisations of local fields as completions of totally real fields and continuity of standard invariants.
There is a Galois extension of totally real number fields F =K and a place v 0 of K with a unique place w 0 of F above it, such that
Iff f a Q½x is monic and p-adically close enough to f , it defines the same extension of Q p by Krasner's lemma. Now pick such anf f which is also R-close to any polynomial in R½x whose roots are real (weak approximation), and set K 0 ¼ Q½x=ðf f Þ and p to be the prime above p in K 0 .
Pick a monic irreducible polynomial g a K½x whose splitting field is F , and again approximate it p-adically with monicg g a K 0 ½x all of whose roots are totally real. Now let F ¼ K 0 ½x=ðg gÞ and let K be the fixed field of F under the decomposition group of some prime w 0 above p. r Lemma 3.2. For a local field K of characteristic 0, the Hilbert symbol ða; bÞ K is a continuous function of a; b a K Ã . 
There is an > 0 such that changing the a i to any a 0 i with ja i À a 0 i j K < does not change the conductor, minimal discriminant, Tamagawa number, C E; dx 2y þ a 1 x þ a 3 , the root number of E and the Tate module T l E as a GalðK=KÞ-module for any given l B p.
Proof. The assertion for the conductor, minimal discriminant, Tamagawa number and C follows from Tate's algorithm ( [26] or [24] , IV.9). The claim for T l E is a result of Kisin ([13] , p. 569), and the root number is a function of V l E ¼ T l E n Q l . Alternatively, that the root number is locally constant can be proved in a more elementary way: see Helfgott's [12] , Proposition 4.2 when E has potentially good reduction; in the potentially multiplicative case it follows from Rohrlich's formula ( [21] , Theorem 2(ii)). r
The Kramer-Tunnell conjecture
In this section we recall the Kramer-Tunnell theory of local norm indices, and prove the outstanding case of the conjecture of [16] for local fields of characteristic 0 (Theorem 4.7). 
where N F =K is the norm (or trace) map on points. [15] , Theorem 1). Let E=K be an elliptic curve over a number field, and F =K a quadratic extension. Then
where the product is taken over the places v of K, and w is any place of F above v. . The conjecture holds when K is Archimedean, when E=K has potentially multiplicative reduction, when K has odd residue characteristic, when F =K is unramified, and when E=K has good reduction or reduction type IV or IV Ã . Corollary 4.6 (cf. [16] , p. 351). Let E be an elliptic curve over a number field K, and F =K a quadratic extension. Then
provided F =K is unramified at those primes v j 2 of K where E has additive potentially good reduction not of type IV or IV Ã .
Proof. Let w : GalðF =K Þ ! fe1g be the non-trivial character. For a place v of K fix any w j v in F , and write w v for the restriction of w to GalðF w =K v Þ. Observe that Conjecture 4.4 also holds when F ¼ K and w ¼ 1. Thus,
where the third equality is the product formula for the global root number and for Artin symbols. r Proof. By Theorem 4.5, we may suppose K is non-Archimedean. Let E=K be the elliptic curve for which we want to prove the conjecture.
Pick a totally real field K with completion K at some place v 0 (Lemma 3.1). Choose also a quadratic extension F ¼ Kð ffiffi ffi a p Þ=K with completion F above v 0 such that all places v B v 0 above 2 split in F =K (weak approximation).
Let E be an elliptic curve over K that is su‰ciently close to E at v 0 , so that . Moreover, we may assume that at some place v 1 of K which is split in F =K the curve E has multiplicative reduction (weak approximation again). By construction, it su‰ces to prove the claim for E=K v 0 .
By the Kramer-Tunnell Theorem 4.5, the terms in the two products In other words, the 2-parity conjecture holds for E=F .
Proof. Same as the proof of Corollary 4.6. r Remark 4.9. As explained in [6] , there are elliptic curves over number fields all of whose quadratic twists have the same root number. As predicted by the parity conjecture, we now find that these are precisely the curves all of whose quadratic twists have the same parity of the 2 l -Selmer rank. In fact, for an elliptic curve E over a number field K the following conditions are equivalent:
(a) Every quadratic twist of E=K has the same root number as E. To be precise, (a) , (c) follows from Corollary 4.8; (c) , (d) holds because E and its quadratic twists have the same 2-torsion, and the 2-primary part of [ modulo its divisible part has square order; (a) , (b) , (e) , (f ) is proved in [6] , Theorem 1. Also, a slightly weaker form of (a) , (d) is proved in [18] , §9.
Elliptic curves with a p-isogeny
The purpose of this section is to prove the p-parity conjecture for elliptic curves that admit a K-rational isogeny of degree p, for p ¼ 2 and 3. (1) K is Archimedean.
(2) K has residue characteristic l B p.
(3) K has residue characteristic l ¼ p > 3, and either E has potentially ordinary reduction or E achieves semistable reduction after an Abelian extension of K.
(4) K has residue characteristic l ¼ p ¼ 3, and E is semistable.
(5) K has residue characteristic l ¼ p ¼ 2, and E has either good ordinary or multiplicative reduction. Proof. For a B 0 this is Lemma 3.2. When jaj K is small, writing ð ; Þ for ð ; Þ K , ða; ÀbÞðÀ2a; a 2 À 4bÞ ¼ ða; ÀbÞ À2a; 1 À a 2 4b ðÀ2a; À4bÞ ¼ ða; ÀbÞðÀ2a; rÞða; À4bÞðÀ2; À4bÞ ¼ ðÀ2; ÀbÞ;
because elements of K close to 1 are squares. r Proof. Any 2-isogeny f : E ! E 0 of elliptic curves over a field of characteristic not 2 or 3 has a model
Similarly, when p ¼ 3, there is a model
Conversely, for any a; b in the ground field the formulae do define a p-isogeny, provided the resulting curves are non-singular (equivalently if aða 2 À 4bÞ B 0 for p ¼ 2, and if abð4a þ 27bÞ B 0 for p ¼ 3).
Say our elliptic curves and the p-isogeny are in this form, with a; b a K. Pick a totally real field K with completion K at a place v 0 (Lemma 3.1). If A; B a K are v 0 -close to a; b, then E A;B and E 0 A;B are non-singular, so they are elliptic curves over K with a p-isogeny. By Lemma 5.6 and Proposition 3.3, all the terms in the conjectural formula are the same for
Moreover, by the weak approximation theorem, we may choose A; B so that the set of places where E A;B has multiplicative reduction is non-empty and includes all v B v 0 above p. To satisfy the latter, take for example ðA; BÞ to be v-close to ð22; À7Þ for p ¼ 2 and ð1; À12Þ for p ¼ 3. Because E A;B is defined over a totally real field and has non-integral j-invariant,
=K v Þ Á ðArtin=Hilbert symbol from Conjecture 5:3Þ:
By Theorem 5.4, the terms at v in the first and the last expression agree for all v B v 0 , so they must agree at v 0 as well. Thus the conjecture holds for E A;B =K v 0 and hence for E a;b =K. r
As in Corollary 5.5, we deduce:
Corollary 5.8. Let p ¼ 2 or 3 and K a number field. The p-parity conjecture holds for every elliptic curve E=K that admits a K-rational p-isogeny,
where E 0 =K is the isogenous curve.
Corollary 5.9. Let E be an elliptic curve over a number field K. If
then the 2-parity conjecture holds for E=K.
Proof. If E has a K-rational 2-torsion point, apply Corollary 5.8. Otherwise KðE½2Þ=K is cubic, and the result follows from that over KðE½2Þ, as both the parity of the 2 l -Selmer rank and the root number are unchanged in odd degree Galois extensions (see e.g. [7] , Proposition A.2(3)). r
Parity for twists coming from Brauer relations
The principal result of this section (Theorem 6.7) is a slight extension of the results of [7] on the p-parity conjecture for twists of elliptic curves. First we illustrate it in the simplest possible setting, when the Galois group is the symmetric group S 3 . In fact, this is the only case needed for the proof of Theorem 1.2 in §7.
6.1. Example: Galois group G G S 3 . As in §4 and §5, we begin with a formula expressing a Selmer rank in terms of local data. Recall [3] , Theorem 4.11 (with p ¼ 3):2) Theorem 6.1. Let F =K be an S 3 -extension of number fields, M and L intermediate fields of degree 2 and 3 over K, and E=K an elliptic curve. Then
We want to prove the parity conjecture for the left-hand side. In other words, we claim that wðE=K ÞwðE=MÞwðE=LÞ ¼ ðÀ1Þ
Both sides are products of local terms, and, as in the Kramer-Tunnell case and the isogeny case, we want to compare the contributions above each place v of K. It is elementary to check the following (see e.g. [3] , proof of Proposition 3.3): 2) The contributions from vjl to
cancel when using the same K-rational o over each field.
The definition of C in [3] excludes infinite places, so the formula there does not need the Proof. The formula is brutally worked out in [3] , Proposition 3.3, except for the case when K has residue characteristic 2 or 3, E has additive reduction and F =K is ramified. Now we use a continuity argument to settle this remaining case. Pick an S 3 -extension F =K of totally real number fields with completions K v 0 ¼ K and F v 0 ¼ F for some prime v 0 of K (Lemma 3.1). Choose an elliptic curve E=K which is close enough v 0 -adically to E, with semistable reduction at all v B v 0 above 2 and 3 and at least one prime of multiplicative reduction. By 'close enough' we mean that the left-and the right-hand sides of ðy loc Þ are the same for E and E (Proposition 3.3); note that the right-hand side is independent of the choice of o.
By the 3-parity conjecture for E over the intermediate fields of F =K (Theorem 2.4) and Theorem 6.1, we find that ðy glo Þ holds. Since the terms in it agree above all v B v 0 by 6.2 and the known cases of the formula, they must agree at v 0 as well. This proves ðy loc Þ for E=K v 0 and hence for E=K as well. r
As a corollary of 6.2 and 6.3, the formula ðy glo Þ holds for all elliptic curves in all S 3 -extensions of number fields F =K. Combining it with Theorem 6.1, we get Theorem 6.4. Let F =K be an S 3 -extension of number fields, and let M and L be intermediate fields of degree 2 and 3 over K, respectively. For every elliptic curve E over K,
6.2. General case. Now suppose E=K is an elliptic curve, and F =K any Galois extension of number fields with Galois group G (generalising G ¼ S 3 above). The dual p l -Selmer group X p ðE=F Þ is a Q p G-representation, and the p-parity conjecture for twists asserts that ðÀ1Þ 3t;X p ðE=F Þ4 ¼ wðE=K; tÞ;
for every self-dual (complex) representation t of G. There are twists for which the left-hand side can be expressed as a product of local terms, and one may hope to prove the conjecture for them by a place-by-place comparison. This is what is done in [7] for a class of such twists, except that, as usual, the worst reduction cases are not considered there. Knowing the p-parity conjecture over totally real fields allows us to remove the constraints on the reduction for some of these twists, via a continuity argument.
After recalling the set T Y; p of twists for which [7] gives a local p-parity formula, we carry out the continuity argument (Theorem 6.7 and Corollary 6.8). We end with a list of examples and applications in §6.3.
Let G be a finite group, and write R G for its (complex) representation ring. Write H for the set of subgroups of G up to conjugacy; its elements are in one-to-one correspondence with transitive G-sets via H N G=H. The Burnside ring of G is the free Abelian group ZH, and the map H N C½G=H extends by linearity to a natural map ZH ! R G . Following [7] , elements in its kernel are called G-relations.
as a virtual representation.
Fix a prime p and an identification Q p G C. For a self-dual Q p G-representation r and a G-relation Y, define the regulator constant
where h ; i is any non-degenerate G-invariant Q p -valued bilinear pairing on r, and det ðh ; i j V Þ denotes det ðhv i ; v j i i; j Þ for any basis v i of V . By [7] , §2.2, C Y ðrÞ is a welldefined element of Q Ã p =Q Ã2 p and is independent of h ; i. We define for any invariant di¤erential o for E=K. Finally, if K is a number field, we can decompose
where v runs over the places of K, and C w j v ðE; YÞ picks all terms in the product defining CðE; YÞ from all places above v. (It is not hard to see that CðE; YÞ in the local case and C w j v ðE; YÞ in the number field case are independent of the choice of o, see e.g. [7] , proof of Corollary 3.4.)
According to [8] , Theorems 1.1 and 1.5 (or [7] , Theorem 1.14):
Theorem 6.5. Let F =K be a Galois extension of number fields with Galois group G, p a prime and Y a G-relation. For every elliptic curve E=K, the Q p G-representation X p ðE=F Þ is self-dual, and 3t; X p ðE=F Þ4 1 ord p CðE; YÞ mod 2 for all t a T Y; p :
In other words, the quotient of the 'fudge factors' over the fields defined by Y computes the parity of t in the Selmer group. Notation 6.6. Write B G for the subgroup of R G generated by the image of the Burnside ring and all representations of the form s l s Ã . Theorem 6.7. Let F =K be a Galois extension of local fields of characteristic 0 with Galois group G. Let E=K be an elliptic curve, p a prime and Y a G-relation. If E is semistable or K has residue characteristic f 5, then wðE=K; tÞ ¼ ðÀ1Þ ord p CðE;YÞ for all t a T Y; p :
In all cases, the formula holds for t a T Y; p B B G .
Proof. The first claim is a special case of [7] , Corollary 3.3. Suppose therefore that t a T Y; p B B G .
Let F =K be a Galois extension of totally real fields and v 0 a prime of K, such that K v 0 ¼ K and GalðF =K Þ ¼ GalðF =KÞ (Lemma 3.1). Let E=K be an elliptic curve with non-integral j-invariant, which is semistable at all primes v B v 0 above 2 and 3, and E is su‰ciently close to E. By su‰ciently close we mean that E=K v 0 and E=K have the same local root numbers, valuations of minimal discriminants and local Tamagawa numbers in all intermediate fields of F =K (possible by Proposition 3.3).
By [7] , Corollary 3.4,
Taking the product over all places v we get that the asserted formula at v 0 (and hence the claim for E=K) is equivalent to the global formula wðE=K; tÞ ¼ ? ðÀ1Þ ord p CðE;YÞ ¼ 6:5 ðÀ1Þ 3t;X p ðE=F Þ4 :
But this is true, because t G ðs l s Ã Þ l L i C½G=H i ln i a B G , and wðE=K; s l s Ã Þ ¼ 1 ¼ ðÀ1Þ 3s l s Ã ; X p ðE=F Þ4
by self-duality ( [7] , Proposition A.2(1)), and
by inductivity ( [7] , Proposition A.2(2)) and the p-parity conjecture for E over the totally real field F H i (Theorem 2.4). r Proof. The first equality follows by the same argument as the proof of [7] , Corollary 3.4. (Essentially take the product over all places, and check that everything behaves well under the passage to decomposition groups.) The second equality is Theorem 6.5. r Remark 6.9. We expect Theorem 6.7 and Corollary 6.8 to hold for all t a T Y; p , irrespectively of the reduction type of E. and three irreducible representations: 1 (trivial), (sign) and r (2-dimensional). There is a G-relation
unique up to multiples. One easily checks that C
This representation lies in the Burnside ring of G,
By Corollary 6.8, we find that for an S 3 -extension of number fields F =K and an elliptic curve E=K, wðE=K; 1 l l rÞ ¼ ðÀ1Þ ord 3 CðE;YÞ ¼ ðÀ1Þ 31 l l r;X p ðE=F Þ4 :
Noting that wðE=K; 1 l l rÞ ¼ wðE=K ÞwðE=F C 3 ÞwðE=F C 2 Þ;
and similarly for the Selmer rank by inductivity ( [7] , Proposition A.2(2)), we recover Theorem 6.4. In the same way, Theorem 6.7 recovers Theorem 6.3. Example 6.11. Let G ¼ D 2p be the dihedral group of order 2p with p 1 3 mod 4. As for S 3 , there is a G-relation
The irreducible CG-representations are 1 (trivial), (sign) and s 1 ; . . . ; s ðpÀ1Þ=2 (2-dimensional). The irreducible Q p G-representations are 1; and r ¼ L i s i , and their regulator constants are (see [7] , Example 2.20)
Therefore t ¼ 1 l l r a T Y; p (as ðp À 1Þ=2 is odd); it is also in the Burnside ring of G,
Now we apply Corollary 6.8: Proposition 6.12. Suppose F =K is a Galois extension of number fields with Galois group G G D 2p for a prime p 1 3 mod 4. Then for every elliptic curve E=K and every 2-dimensional irreducible CG-representation s, wðE=K; s l 1 l det sÞ ¼ ðÀ1Þ 3s l 1 l det s; X p ðE=F Þ4 :
Proof. By Corollary 6.8 and the example above, wðE=K; 1 l l rÞ ¼ ðÀ1Þ with and r as in the example. Now s is one of the constituents of r, and det s ¼ .
On the other hand, by equivariance of local (and therefore global) root numbers ( [22] , Theorems 1 and 2), wðE=K; rÞ ¼ wðE=K; sÞ ðpÀ1Þ=2 ¼ wðE=K; sÞ;
and the result follows. r
The proposition confirms [7] , Hypothesis 4.1 for elliptic curves when p 1 3 mod 4. Thus, [7] shows: Theorem 6.13. Let K be a totally real number field, p 1 3 mod 4 a prime, and E=K an elliptic curve. Assume either that K ¼ Q or that E has non-integral j-invariant. Suppose F is a p-power degree extension of an Abelian extension of K, Galois over K. Then ðÀ1Þ 3t; X p ðE=F Þ4 ¼ wðE=K; tÞ for every orthogonal representation t of GalðF =K Þ; in other words, the p-parity conjecture holds for the twist of E by t.
Proof. Combine [7] , Theorem 4.5 with the above proposition and the p-parity theorems over Q and over totally real fields ( [3] , Theorem 1.4, and [20] , Theorem 1). r Theorem 6.14. Let K be a number field, p 1 3 mod 4 a prime, and E=K an elliptic curve. Suppose F is a p-power degree extension of a Galois extension M=K, Galois over K. If the p-parity conjecture Another application of Corollary 6.8 is for general p but p-adic towers where all orthogonal CG-representations are in B G . As an example, we may take a 'false Tate curve extension' over Q: Example 6.16. Let E=Q be an elliptic curve, p an odd prime, m an integer which is not a perfect pth power, and F ¼ Qðm p n ; ffiffiffiffi m p n p Þ for some n f 1. The complex irreducible representations of G ¼ GalðF =QÞ are of the form w n r j for a one-dimensional character w of Gal À Qðm p n =QÞ Á and
is a subgroup of index p j . The self-dual ones are the r j and the non-trivial character of Gal À Qðm p Þ=Q Á of order 2, so all orthogonal representations of G lie in B G . Thus the p-parity conjecture holds for twists of E by all t a T Y; p for every G-relation Y. Writing U j ¼ Gal À F =Qðm p ; ffiffiffiffi m p j p Þ Á , one checks that 1 l l r j a T U j ÀU jÀ1 Àð pÀ1ÞH j þð pÀ1ÞH jÀ1 ; p :
In particular, every orthogonal representation of G is a sum of trivial, sign representations of G and those in T Y; p for some Y. Because the p-parity conjecture holds for E=Q and its quadratic twist by , it follows that ðÀ1Þ 3t; X p ðE=F Þ4 ¼ wðE=Q; tÞ;
for every orthogonal representation t of G. This example removes the semistability restriction from [3] , Proposition 4.13. See also [2] , §4, for related results.
Parity over fields and the global root number formula
Now we prove the two main results over number fields, the parity conjecture assuming finiteness of [ and the formula for the global root number. The only two ingredients are the 2-isogeny theorem from §5 and the S 3 -example from §6. The argument is based on that of [3] , Theorem 3.6. 
by the 2-isogeny theorem over L and F and by Theorem 6.4, respectively. r Remark 7.3. It is already implicit in [3] that, assuming finiteness of [, ðÀ1Þ rk E=K is given by the formula in the right-hand side of Theorem 7.2. It only relies on Cassels' formula 5.2 and Theorem 6.1 and bypasses all comparisons with root numbers.
The local root number formula
From the proof of the global root number theorem, with a bit of extra work, one can also extract a formula for the local root numbers (Theorem 8.4 below). The idea is to write the right-hand side of Theorem 7.2 as a product of local terms and compare them to the local root numbers. This is slightly delicate, as these local terms, denoted by mðE=KÞ below, must not depend on the global extension KðE½2Þ=K. Also, to get a manageable relation between wðE=KÞ and mðE=KÞ we will make the construction symmetric in the three non-trivial 2-torsion points of E. Notation 8.1. Let k be a field (later local or global) and E an elliptic curve over k. Write S ¼ E½2nfOg, the set of non-trivial 2-torsion points of E=k. The symmetric group S 3 acts on S. Denote the irreducible representations of S 3 by 1 (trivial), (sign) and r (2-dimensional).
For a group G acting on S (later a Galois group) write Orb G S for the set of G-orbits of S. Abusing notation, we will write P a Orb G S for a representative of the corresponding orbit, and 1; ; r for the restrictions of these representations to G. (Note that r may become reducible.) A point P a S gives rise to a 2-isogeny f : E ! E=fO; Pg, and we write s P for s f as defined in Notation 5.1. This follows from the theorem below (combined with Corollary 5.8 and Theorem 6.4), although it can also be deduced directly from Cassels' formula (Theorem 5.2) and Theorem 6.1. In particular, mðE=KÞ ¼ ðÀ1; À1Þ K wðE=KÞ:
Proof. Write F ¼ KðE½2Þ. We will use Ind L=K as a shorthand for Ind GalðF =KÞ
GalðF =LÞ . Recall that local root numbers satisfy 'self-duality', 'inductivity in degree 0' and the 'determinant formula': for a representation t of G and K H L H F , wðE=K; tÞ ¼ wðE=K; t Ã Þ; ðÃÞ wðE=LÞ ¼ wðInd L=K 1Þ 2 wðE=K; Ind L=K 1Þ; ðIndÞ wðt l t Ã Þ ¼ ðdet tÞðÀ1Þ; ðdetÞ where ðdet tÞðÀ1Þ is the character det t evaluated at the image of À1 under the local reciprocity map. These are all well-known properties of root numbers; see e.g. [7] , Appendix A.
(1) Choose a Weierstrass model y 2 ¼ f ðxÞ for E=K. For P ¼ ðr; 0Þ a S, define a P ; b P a KðPÞ by f ðx þ rÞ ¼ x 3 þ a P x 2 þ b P x. Note that 1 l r ¼ L P a Orb G S Ind KðPÞ=K 1:
Taking all products below over P a Orb G S, we have m 1r ðE=KÞ ¼ Q s P À E=KðPÞ Á ¼ 5:7 Q w À E=KðPÞ Á ða P ; Àb P Þ KðPÞ ðÀ2a P ; a 2 P À 4b P Þ KðPÞ ; a P B 0; ðÀ2; Àb P Þ KðPÞ ; a P ¼ 0;
( ¼ 8:6 ðÀ1; À1Þ K Q w À E=KðPÞ Á ¼ ðIndÞ ðÀ1; À1Þ K Q wðInd KðPÞ=K 1Þ 2 wðE=K; Ind KðPÞ=K 1Þ ¼ ðÀ1; À1Þ K wð1 l rÞ 2 wðE=K; 1 l rÞ ¼ ðdetÞ ðÀ1; À1Þ K ðÀ1ÞwðE=K; 1 l rÞ:
(2) If ½F : K is odd, then 1 ¼ and the statement trivially holds. Otherwise, by (Ind) the right-hand side of the asserted formula is wðE=M Þ, where M ¼ Kð ffiffiffiffiffiffi D E p Þ is the quadratic extension of K in F . This is the same as wðE=F Þ because GalðF =M Þ is either C 1 or C 3 (use (Ind), (Ã) and (det)). On the other hand, by Theorem 5.7 and Lemma 8.6 the
